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Summary

Floating marine structures are exposed to various environmental loads. When the
response of structures caused by these loads can be expressed as a multi-modal spectrum in
the frequency domain. To estimate the fatigue damage by these loads, various fatigue damage
models have been suggested by many previous researches. The offshore riser system, for
example, that is a typical marine structure shows a quarter-modal response. However, existing
fatigue damage models are suitable for spectrum with tri-modal in maximum. Consequently,
it is necessary to develop a new fatigue damage model that can accurately calculate fatigue
damage of quarter-modal spectrum. In this research, the Benasciutti and Tovo model was
adopted for developing a new fatigue damage model. And 900 quarter-modal spectra are used
to derive a new weighting factor in the Benasciutti and Tovo model by investigating the
relationship between the linear weighting factor and the bandwidth parameters. Finally, a new
linear weighting factor is derived using the least square method. The suitability of the new
fatigue damage model with the derived weighting factor is evaluated by frequency domain
and time domain results and their comparison with existing model’s results.

Key words: Quarter-modal spectrum; Wide-band loading; Fatigue damage model;
Rainflow counting method

1. Introduction

Floating marine structures are exposed to dynamic loads such as wave, wind, and
current. The combination of these loadings can induce more fatigue damage on the structures,
since it increases stress range more than that of the individual one. The stress or tension of
structures caused by these loads can be expressed as a multi-modal spectrum in the frequency
domain. The complex loads are separated or considered at the same time to calculate fatigue
damage of the structures.

Fatigue damage calculation method can be considered in either time domain or
frequency domain. In time domain, the fatigue damage is calculated with the rainflow
counting method [1] which considers stress range and the number of cycles, the S-N diagram
characteristics, and the linear cumulative method [2]. It is more accurate than the frequency
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domain fatigue analysis, but this demands more time and cost. On the other hand, the
frequency domain method calculates an expected value of fatigue damage by putting the
material constant, slope of the S-N diagram, and the spectral moment of response spectrum
into a fatigue damage model. The fatigue damage model is an equation derived with the
spectral moment and characteristics of the S-N diagram as variables in order to approximate
the distribution of stress range which is counted using rainflow counting method in time
domain methods. The frequency domain method allows a faster calculation than the time
domain fatigue analysis, but an accurate result cannot be obtained if the fatigue damage
model applied is not appropriate for the target system.

Fatigue damage models can be classified according to development methods. The first
one is developing the new probability density function of the stress range calculated by the
rainflow counting method. Distribution of the stress range is approximated from a
combination of multiple functions. Representative fatigue damage models which have been
developed for a wide-band spectrum by this method are the Dirlik model [3] and the Zhao and
Baker model [4]. As another alternative, the stress range distribution of the wide-band process
is derived by multiplying the correction factor which is expressed by the spectral parameters
to Rayleigh stress range distribution. This implies that the wide-band process fatigue damage
can be calculated the multiplying the correct factor to the expected fatigue damage of a
narrow-band spectrum [5]. The typical models based on this method include the Wirsching
and Light model [6] and the Benasciutti and Tovo model [7].

Also, fatigue damage can be classified according to the number of peaks considered in
the model. To calculate the fatigue damage of the bi-modal spectrum, the Fu and Cebon
model [8], the Sakai and Okamura model [9], and the Jiao and Moan model [10] were
proposed. In addition, there are the fatigue damage models for the tri-modal spectrum such as
the Gao and Moan model [11] and the Park et al. model [12].

The typical offshore structure in which its response expressed as a quarter-modal
spectrum is a riser, and it is not easy to evaluate fatigue damage considering all kinds of loads
that make up the quarter modal spectra at once. Because of the uncertainty of the Vortex
Induced Vibration (VI1V) which is a vibration of riser induced current load, it is difficult to
simulate the coupled analysis of riser considering wave load and current load. Therefore,
estimating each fatigue damage from wave load and current load separately is a widely used
approach [13]. Some fatigue damage models had been developed for calculating the wave or
current induced fatigue damage of offshore structures and investigated [4,10-12,14]. Also,
there are some researches try to evaluate fatigue damage of riser with artificial neural
networks concept [15,16]. However, as a new concept of the mathematical model which can
describe the VIV in the time domain is developed recently [17], it is possible to calculate the
fatigue damage of riser considering all loads. Consequently, it is necessary to develop a new
fatigue damage model that can accurately calculate fatigue damage of the quarter-modal
spectrum. In this study, the stress response characteristic of the riser in the FPSO (Floating
Production Storage and Offloading) is selected as a typical quarter-modal spectrum. Prior to deriving a
new fatigue damage model, the existing wide-band fatigue damage models are reviewed. And the
procedure of deriving the new weighting factor in the Benasciutti-Tovo's model is introduced. The
fatigue damage model with a new weighting factor is validated by comparing it with the existing wide-
band fatigue damage models.

2. Overview of the wide-band fatigue damage models

The time series process generated from a spectrum should be assumed to be an ergodic
stationary Gaussian random process. If the assumption is valid, the generated time series have
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the same statistical characteristic as frequency domain. The characteristic values in the
frequency domain and the wide-band fatigue damage models using these values as follows.

2.1 Spectral moment and bandwidth variable

The n™ spectral moment is an integral value over frequency of the spectral density

function multiplied by the n" power of the frequency. It is expressed in circular frequency as
show in equation (1).

m, = jo“’ o"do (1)

where @ is a circular frequency, m_is a n" spectral moment and S(w) is a spectral
density of w.

Moreover, the bandwidth variable, which is a function of the spectral moment, is used
to identify the shape of a given spectrum and the geometrical characteristic of the frequency

distribution, and the most widely used types «;, and «, are defined as in equation (2) & (3).

n

m

o = = )
M, M,
m

a, = ——= (©)
m,m,

The o, and ¢, is between 0 and 1. As their value becomes closer to 1, the spectrum is

more similar to a narrow-band spectrum. On the other hand, if their value is closer to 0, the

spectrum is closer to wide-band spectrum. In a Gaussian process, peak frequency, v, , which
is the frequency of peak per unit time, and zero up-crossing frequency, v," , which is the

frequency of up-crossing per unit time, are defined as in the following equation (4) & (5).

1 |m,
vo=—.[— 4
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2.2 Dirlik model

This method is a kind of the PDF combination method and has been used in a wide-
band process fatigue analysis. It was derived by combining one exponential function and two
Rayleigh probability distribution functions [3]. A numerical simulation with the main
variables «; and a, was performed and the results were fitted to derive the probability
density function of a stress range distribution. The expected fatigue damage calculated by the
Dirlik model is as shown in equation (6), k is the slope of the S-N diagram and C is a
material constant [18]

E(DRFC>=T‘§ ? (ZJmT»k{Dler(uk)+<ﬁ)kr(1+§)(Dz|le +D3>} (6)

41



Sang Woo Kim Development of a new fatigue damage model for
Seung Jae Lee Quarter-modal spectra in frequency domain

where coefficients are defined as in equations (7) to (12), and T, is the duration.

x - ﬂ(m_j g, ™
m, { . m,
2(x_ —a,?)
D, =50m 22 8
Y l+a) (8)
1-a,-D,+ D}
D. = 2 1 1 9
) R ©)
D,=1-D,-D, (10)
Q:1.25(a2—D3—R D,) a1
Dl
D,=1-D,-D, (12)

2.3 Benasciutti and Tovo model

This model was derived by considering that the expected value E(Dg..) of the fatigue
damage calculated by the rainflow counting method is in a range between E(D..) of

equation (13), which is determined by range counting method [19], and E(D,;) of equation

(14), which is expected fatigue damage for narrow-band spectrum [7]. The relationship
between the three kinds of expected fatigue damage is as shown in equation (15), and the
expected the fatigue damage is determined by applying the linear weighting factor of equation
(16) to the upper and lower limits of the expected fatigue damage.

E(Dy.) = %(;/ﬁaz)kr(ug) —E(D,,)a? (13)

E (D) =22 (242 T+ ) (14)

E(Drc) < E(Dgec) SE(Dyg) (15)

= (@ — )| 111201+ ayer, — (o 2+ a,))e" " +(ay ~ ) | 16)
(a,-1)

The expected the fatigue damage derived from the relation between E(Dg.) and
E(D,g) is as shown in equation (17).

E(Dgec) =D,y E(Dy) + (A—b,,, ) E(Dgc) =[ b,y + A=b,, )i ™ |E(Dy) (17)

42



Development of a new fatigue damage model for Sang Woo Kim
Quarter-modal spectra in frequency domain Seung Jae Lee

3. Development of a new fatigue damage model

3.1 Method for developing the model

In order to derive a new fatigue damage model, the Benasciutti and Tovo model was
selected. Although this model is not appropriate for evaluating the fatigue of a wide-band
quarter-modal spectrum, the procedure of deriving a linear weighting factor was adequate for
this study. When the Benasciutti and Tovo model was derived from a numerical simulation of
various continuous spectra, the new model also needs to be derived from a wide-band quarter-
modal spectrum consisting of narrow-band mode peaks. Consequently, it is estimated that the
trend of the linear weighting factor according to the spectral variables in the new model will
be different from those in the existing models. In this study, the relationship between the

linear weighting factors «; and «, was newly defined by a numerical simulation of various

wide-band quarter-modal spectra. Fig. 1 shows the detailed model development process of
using spectra to derive the linear weighting factor.

Making quarter-modal spectra (900 cases)

Calculating a4, a5, by,;,,, coefficient for each case

Converting «,, to fitting standard value

A4

Plotting b,,,, coefficients

A 4

Deriving a new weighting factor

(Least square method)

Fig. 1 Model development procedure of new weighting factor

3.2 ldealized wide-band quarter-modal spectrum

As shown in Fig. 2, the stress spectrum of the riser in FPSO used in this study consists
of four narrow-band mode peaks and every peak was idealized as rectangles.
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Fig. 2 Schematic of a quarter-modal spectrum

The o, w,,, @, and w,, denote the starting frequency of each mode peak, and

they were determined in consideration of the characteristic of each mode peak, respectively.
The first mode peak is a low-frequency ship motion generated by a low-frequency drift force.

Therefore, the @, is conventionally in the range of 0.02 rad/s ~ 0.2 rad/s [20]. The second

mode peak is caused by the wave-frequency ship motion and is determined by dominant wave
frequency at the offshore platform’s installation site. The third and fourth mode peaks are
generated by VIV, and the diameter of the riser as well as the current velocity should be
considered in order to identify the VIV frequency. The location of the third peak @, can be
determined, by substituting the diameter of the riser and the velocity of fluid into the shedding
frequency equation (18) [21].

2r*U*S
fshedding = Tt (18)

where S, is a dimensionless number of shedding characteristic and its conventional

value during VIV occurrence is 0.2. U is velocity of fluid, and D is diameter of the riser.
Because the frequency of occurrence of the fourth mode peak, which is an in-line (IL), is
usually twice the frequency of a cross-flow (CF) in the experimental research [22], ,,, is

twice of a4 .

In order to generate ideal spectra, various peak locations were considered by reflecting
the characteristics of each mode peak. Given that the frequency range of the first mode peak is

relatively smaller than the frequency variation of all the other peaks, @, was fixed to be 0.05

rad/s, which is a sufficiently low frequency region. As shown in equation (19), the variable d
was used to locate @, at 25%, 50%, and 75% between w,, and a,,, .

Wypg = O + (w3rd - a)lst)*d (19)

where @, is located in the range of 2 rad/s ~ 12.8 rad/s, and @, is twice of @, . The

maximum frequency was considered as 26.5 rad/s. Table 1. present the values of the applied
spectra.
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Table 1 Location parameters of model developing quarter-modal spectra

Parameters Value

A 5,000
B [rad /s] 02,04

d 0.25, 0.50, 0.75
wy [rad/s] 0.05
@y [rad/s] 2.0,7.4,12.8
@, [rad/s] @54 x2.0

Max freg. [rad / s] 26.5

The width of each peak is expressed as B, and the total area A, of the spectrum is
calculated by the sum of areas of all the mode peaks, as shown in equation (20),

A=A+ A + Ay + Ay (20)

Where A, A4 A,y and A, are the area for each mode peak. And two values of
0.2 rad/s and 0.4 rad/s were used for B .
Since the spectra used in this study are not real responses, the areas of spectrum A. was

arbitrarily set to be 5,000. When deriving the fatigue damage models, magnitude of the area is
not an important factor while the statistical properties of spectrum are matter.

The area of each mode peaks was calculated by equations (21) to (23).

Ag

Ry = 21
A, &4
Aan

Ran = 22
A, 2
A3rd

RSrd = 23
A, &)

where R, R,,, Ryy, and R,, are variables expressing the ratios of area between
each mode peak.

The R, is always 1 by its definition. For the R, , and R, , the various random ratios
are used in order to generate many kinds of spectra. For R, , the two values of R, , 1/5and
1/20, were used.

The spectral density for each mode peak were calculated by using the equations of
quarter-modal spectral density, which are presented in equations (24) to (27) as below [23].

S| R S|
I Al (24)
B B(Rlst + Ran + R3rd + R4th)
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n R n
g = 20 = (25)
(Rlst + R2nd + RSrd + R4th)

I R I
Sy = 228 =Py (26)
(Rlst + Ran + R3rd + R4th)

_ A _ AR 27)

SAth
B B(Rlst + Ran + R3rd + R4th)

where S, S, S;4,and S, are spectral density of each mode peak.

Table 2. present the variables and values of the applied spectra.

Table 2 Area ratios of model developing quarter-modal spectra

Area ratios
R:lst Ran Rsrd R4th
0.04 0.04,1,2
0.02 0.02,05,1
0.5 0.02,05,1 R,, /5
1 1 0.04,0.02,0.5, 1, 2, 25,50
R, /20
2 0.04,1,2
25 1, 25, 50
50 1, 25, 50

Finally, a total 900 spectra were considered for developing fatigue damage model. They
are the combinations of the 9 locations of mode peaks, the 25 relative area ratios between
mode peaks, the 2 widths of mode peaks, and the 2 area ratios of fourth mode peaks. Fig. 3
shows an example of a wide-band quarter-modal spectrum and its time series which are used

for developing the model.
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Fig. 3 Example of a quarter-modal spectrum (a) and time series(b)

3.3  Numerical simulation

3.3.1 Calculation procedure of time domain fatigue damage

The inverse Fourier transform (IFT) is used for the process of generating a time series
from a spectrum in order to calculate the time domain fatigue damage of the spectrum as

shown in the equations (28) and (29),

X(t) = imcos(g)it +6)

(28)
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@ = (29)

where n is the number of frequency components. It was determined by dividing a set
maximum frequency by the size of the frequency increment. S(wi) is the spectral density of

the i™ frequency component, Aw is the frequency increment, wi is the i"" average
frequency, and & is the random phase angle of the i" frequency component.

The Aw was set to be 0.0005 rad/s. Such an equally spaced value is small enough not to
make a repetition occur during the numerical simulation in a time series generated from

spectrum. The size of the time increment, At, should be set to be small enough to distinguish
between peak and valley in a time series. The size of At was calculated by equation (30),

. 0.08*27

At=———
Max freq.

(30)

where the ratio between the maximum frequency of spectrum suggested by a previous
study [24] and the time increment was set to be 0.08.

An ensemble of time series was generated for 3 hours from one spectrum by using
random phases. The rainflow counting method was used to calculate fatigue damage of
generated time series. The applied rainflow counting method was the 3-points algorithm
proposed by ASTM [25].

3.3.2 Deriving a new linear weighting factor

To begin with, the values of ¢, and «, are calculated for every spectrum used for the
model development. In order to derive the linear weighting factor, as shown in equation (31),

b, determined by the time domain and frequency domain methods should be calculated.
b = DRFC _E(DRC)
" E(Dys)—E(Dgc)

(31)

To calculate the Dy, as described in previous chapter, the 3-points algorithm used,

and the slope of S-N curve k and material constant C which are the main parameters of
calculation were set to 3 and 1. The value of k is mainly suggested by DNV [20] for riser
design. The material constant C has no effects on the weighting factor as equation (31). And
the trend of linear weighting factor can be more easily found since the deviation of fatigue
damage is small when k value is 3 rather than 5.

As the spectra were derived by various variables, the values of ¢, «,, and b, are
different for each spectrum. In order to identify the trend lines of ¢, «,, and b, , the
calculated values of «, were modified to five values of 0.15, 0.325, 0.500, 0.675, and 0.850.
When modifying the values of «,, the ratios of areas were randomly adjusted in order to
determine various pairs of ¢, and «,. The 900 spectra are classified into 68, 61, 221, 382,

and 168 with respect to the designated values of «, .
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Fig. 4 Comparison result between by, and b, (k =3)

In Fig. 4, the values of by, calculated in terms of the modified spectra are presented in
relation to o, and «,. Moreover, b, is presented to compare the existing model with the
result of the numerical simulation. As a result, b, has a different trend from that of by, of a
wide-band quarter-modal spectrum, and the error of trend becomes larger at small «; . This

represents that the wide-band characteristic of the spectrum is clearer at small ;. This is

because the spectra used to develop the model are different. When the previous model was
developed, five spectral shapes are defined as wideband-spectra, and their spectral parameters
were investigated [7]. In this study, however, the new quarter model spectrum that does not
belong to five types is investigated. That's the reason why the new weighting factor is
different with the previous weighting factor.

A new linear weighting factor for ¢, and «, was derived in order to reduce the error in

the existing model, and this new factor was defined as s. The method of deriving the new
weighting factor s was the least square method, which makes a curve where the sum of
squares of residuals for each data is minimum, and various types of objective functions
suitable for b, were determined. The validity of the selected objective functions was

examined by using a coefficient of determination, which is a measure of the adequacy of b,
and the objective functions. The coefficient of determination is the square of the objective
functions and a coefficient of correlation, r, which expresses the degree of correlation
between b, and the objective functions. It is expressed in equation (32).

900 900

Z (bsim,i _BSim)z - Z(bsim,i - S(al’ a, ))2
r2 — =1 i=1 (32)

900

Z (bsim,i - BSim)z

Here, bsim is defined by the following equation (33).
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_ 1 99

bsim = % Z bsim,i (33)
i=1

Four objective functions are used to find the optimal objective function with the
coefficient of determination close to 1. The applied objective functions are full cubic, rational,
full quadratic, and simplified cubic functions. For each objective function, s was derived by
applying the least square method, as shown in equations (34) to (37).

Full apic = —0-06—0.26¢, +1.72¢x, +3.77¢} —5.19a —1.71cr, (34)

~8.73c; —3.64a,0, — 417} o, +18.68c,02

S

s =0.07 +2.01, — 3.53;, — 2.63> — 4.53a% +9.06,, (35)

Full quadratic

. ~ -0.089+1.55¢, ~1.47a,
Rational 1+ 0.35051 —1,310!2

(36)

S =-0.59+4.88a, —0.76a, —8.22c +0.54a; +5.93c) -1.33ct;  (37)

Simplified cubic

Table 3. presents the coefficients of determination and correlation for each objective
function. Fig. 5 to Fig.8 compares each model and the b, to identify adequacy.

Table 3 Correlation coefficient and determination of coefficient for each model

Model r r’
Full cubic 0.981 0.962
Full quadratic 0.970 0.941
Rational 0.978 0.957
Simplified cubic 0.955 0.911
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Fig. 6 Least square method results for each object function (k = 3, Full quadratic)
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Fig. 8 Least square method results for each object function (k = 3, Simplified cubic)

Although the full cubic function had a high coefficient of determination, it shows large
deviation of trend for «,. On the other hand, the rational function was found to be the most

appropriate function, and the derived coefficient s is as shown in equation (38)

 —0.089+1.55¢, ~1.47a,

S= (38)
1+0.35¢, —1.31a,

A new fatigue damage model for quarter-modal spectrum, using s, is as shown in
equation (39).
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E(Dgec) = SE(Dyg) + (L=S)E(Dgc) =[ 5+ (1-5)af ™ |E(Dyg) (39)

The new equation must satisfy two boundary conditions. The first boundary condition is
that maximum b, is 1 according to the definition of linear weighting factor. The second is

that if ; and «, have the same value, the b, is zero. However, both conditions can be met

only when the spectrum is a delta function. So, to satisfy two boundary conditions, additional
conditions expressed in equations (40) and (41) were added.

s=0 when s<0 (40)

s=1whens>1 (41)

4. Validation of the developed model

4.1 Spectra for validation

In order to validate the developed fatigue damage model, the combinations of 9
locations of mode peaks and the 9 relative area ratios of mode peaks, totally 81 spectra, were

considered refer to previous researches [23]. And for the R, , and R, the values proposed

by Park et al. [26] using a tri-modal spectrum were used in order to consider various number
of cases. The value of R, was set to be 1/10 of R, in order to be small enough compared

to R, . As in chapter 3 the spectral density of each mode peak was calculated by using the

equations (20) to (27). The A, was set to 5,000, and B was set to 0.2 rad/s, to express a
narrow-band peak. Table 4. present the values of the applied parameters.

Table 4 Parameters of validation spectra

Parameters Parametric value
A 5,000
B [rad /s] 0.2
o [rad/s] 0.05
@, [rad/s] 2.0,7.25,125
@, [rad/s] @4 2.0
R 1
Ryng 10°¢, 10°, 10°°
Ry 10°%, 10°, 10°°
Run R, /10
Max freq. [rad / s] 25.2
Aw [rad /s] 0.0005
At [s] 0.02
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4.2 Validation result

To evaluate the suitability of the new fatigue analysis model for the spectrum of
validation, we calculated the expected value of the fatigue damage by using the Benasciutti
and Tovo model, the Dirlik model, and the new model. The fatigue damage calculated for the
spectrum of validation by the time domain fatigue analysis method was set to be the reference
fatigue damage, and the expected value calculated by each fatigue damage model was divided
by the reference damage. As the result becomes closer to 1, it can be said that the reliability of
the applied model increases. The calculated results are expressed by the Vanmarcke’s
bandwidth parameter q [27], as shown in equation (42).

(42)

The q is a variable that quantitatively expresses the wide-band and narrow-band

characteristics of spectra, and it is close to zero for a narrow-band spectrum, while it is close
to one for a wide-band spectrum.

2.5

Benasciutti-Tovo
A A A Dirlik

20| © O O New model

Dmodel / Drrc
H
(2]

0.5
0.2 0.4 0.6 0.8 1.0

Vanmarcke Bandwidth Parameter

Fig. 9 Validation result of new model (k = 3)
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Fig. 10 Validation result of new model (k = 5)

The fatigue damages were calculated for two cases kinds of k were 3 and 5. Fig. 9 and
10 shows the result of the calculation. When the k was 3, which is the case (a), the
Benasciutti and Tovo model generally produced a larger deviation from 1 than the other two
models. In particular, the deviation was much larger at the region where the q was large. The

Dirlik model also had a larger deviation than the new model at this region. On the other hand,
when the k was 5, the Benasciutti and Tovo model and the Dirlik model had larger deviations
than the new model. The new model generated a larger deviation than when the k was 3, but
its deviation was smaller than those of the other two models. As a result, the newly developed
model was more stable than other two models for evaluating the fatigue damage of a wide-
band quarter-modal spectrum.

5. Conclusion

In this study, a new fatigue damage model for quarter-modal spectrum is proposed. The
riser stress response was selected for quarter-modal spectrum including the low- and wave-
frequency ship motions, and CF and IL of the VIV phenomenon. For developing the new
fatigue damage model, the Benasciutti and Tovo model was used. 900 wide-band quarter-
modal spectra for model development were defined and the linear weighting factor was
calculated for each spectrum. The results are validated for two bandwidth variables so that the
relation between the bandwidth variable and the linear weighting factor.

In order to validate developed fatigue damage model, the comparison between existing
wide-band fatigue model and developed model was presented in both frequency domain and
the time domain. The results show that the developed model produces adequate evaluation of
the fatigue damage, while the existing wide-band fatigue damage models presents excessive
fatigue damage.
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