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ARTICLE INFO ABSTRACT
Keywords: By considering the disturbance caused by ice floes in polar regions, the trajectory
Unmanned surface vessels tracking control problem for uncertain unmanned surface vessels (USVs) is

investigated in this paper. USVs for trajectory tracking missions in polar regiens

ian pr regression - i :
Gaussian process regressio required tonot only overcome common disturbances and perturbations such as model

Discreteintegralsliding-mode uncertainties and environmehtlisturbances caused by winds, waves and currents,
control but it must also consider the stochastic resistance generated by ice floes. However
Stochastic discretéime systems studies on the sthastic model of ice floes resistance on USVs are insufficient, making

it difficult to a design tracking controller. This paper proposediscrete integral
sliding-mode control (DISMC) with a disturbance observer based on Gaussian process
regression (GPRjechnique, which could steer uncertain USVs to track predefined
trajectories under disturbance without kriogvits upper bound. Compared to the
existing method for USV control, (1) to the best of our knowledge, this study is
among the first to addredset trajectory tracking control problem of USVs in-itae

sea conditions(2) a novel fully datalriven disturbance observer is proposed that
approximates the mean and autocorrelation function of the lumped uncertainties
without requiring prior knowledgabout the stochastic ice resistance; and (3) a novel
DISMC given the autocorrelation function of uncertainties instead of the uncertain
upper bound is proposed and proved to be stable with a probabilityrbé proposed
method offers a significant apgch for controlling USVs in iceovered sea areas.

1. Introduction

The environment in polar regions has garnered global attention. Unmanned and autonomous explora
through predefined trajectories in icevered ocean areas is a vital technology for fusarentific research
and commercial exploitation in polar regiofld. During explorations and expeditions through extreme
environments in polar regions, the motion of unmanned surface vessels (USVs) is affectedshyavias,
currents, and the uncertamesistance caused by ice floes. A reliable trajectory tracking strategy undet
perturbations and disturbances is a key technology that determines the success or failure of the exploita
missions. From the perspective of stochastic analysis theory gbiesp of ocean waves, winds, and currents
has been well established and verified since the 1290F¥he maneuverability of ships under the influence
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of winds, waves, and currents has been extensively investigteldowever, prior knowledge about the
stochastic properties of disturbance forces caused by ice floes is insufflenThus the control strategies

that could steer USVs in ig@vered ocean areas are required to not only overcome common disturbances al
perturbations such as model urieerties and environmeait disturbances caused by winds, waves, and
currents, but it must also consider the stochastic resistance generated by ice floes. However, traditic
trajectory tracking control methods often require the stochastic properties ohtlertainties, such as the
upper bound, to be known beforehand, making it a significant challenge when addressing the tracking probl
in the aforementioned scenafiothis places a premium on trajectory tracking control for uncertain USVs.

Trajectory tacking control methods for USVs can be classified in two aspects: 1inedalontrols and
modetbased controls. PID or PD control are conventional mfsdelmethods, which have limited robustness
to uncertainties and disturbang@s8]. To improve their daptability, adaptive variants have been developed,
for example an adaptive proportioniategral derivative controller based on soft actitic (SAC-PID) has
been proposed in9], demonstrating enhanced robustness in uncertain marine environimeaitgyent
algorithm such as fuzzy logic and artificial neural network (ANBl}then developed to improve the
adaptability and robustness of PID or PD control to uncertajdiekl]. However, these methods still provide
insufficient precision when addressingcertain systems. In addition, approaches based on fuzzy logic may
provide high steadgtate error. Datdriven theories, like deep learning (DL), reinforcement learning (RL)
and etc, are advanced modiee methods for USVs control, which enables USVké&rn control strategies
from datasets. However, largeale realvorld dataset are needed for the learfiiagedmethods,and the
stability of the closedioop system must be carefully validdt To further improve the control performance,
modetbased cotrol methods, such as the sliding mode control (SME]) backstepping contr¢l3-15] and
model predictive contrdlL6-19] are developedNonlinear adaptive heading control for underactuated surface
vessels with constrained input and sideslip angle emsgtion has been investigated 29]] providing
improved maneuverability under realistic dynamic constraints. Moreover, in practical navigation scenaric
trajectory and speed control in curved channels has also been stdiedHich furtherhighlights the
importance of developing robust control strategies under constrained wateMa@destbased methods
require either the accurate dynamic model of the USV or the stochastic properties of uncertainties, which ¢
also sensitive to uncertaintid3isturbances observer methods are developed to improve the adaptiveness a
robustness of the tracking control by approximating model perturbations and disturlp22jce$he
disturbances observer is designed to estimate uncertainties and disturb#reegstem online anddgback
the estimation into the controller to compensate for uncertainties and disturbances. Machine learning (V
methods, which provide the ability to approximate nonlinear functions, can also be applied to build su
observer, mng it possible to learn unknown dynamics online, while imposing a significant computational
burden. Modebased methods provide improved precision and dynamic performance, however, they ofte
lack robustness and adaptability. Conversely, mérédel methds yield strong control qualities but require
extensive realvorld datasets and significant computational resources. Developing hybrid approaches th
leverage the strengths of both moetlased and moddtee techniques is significant to enhancing the
robustness and adaptability of USVs in uncertain environments, but it has been considered chalieisging
this aspect that is addressed here.

Controllers based on SMC theory are considered a promising way to develop hybrid methods. As
robust control mettd, SMC has been widely used for unmanned systems. By utilizing SMC, the system stat
can be maintained on the sliding surface, ensuring robustness of thelolgsegistem against uncertainties
and disturbances. However, the reaching phase decreas#fethiweness of SMC such that the stability of
the closedoop system should be carefully verified. To overcome this issue, the integral SMC (ISMC) is
proposed that could eliminate the reaching phase while providing a nominal system (the system withc
unknown dynamics) that defines the dynamics of the matched disturbance system [23]. The switching tern
SMC effectively suppresses the disturbance, although it may cause the chattering phenomenon. A poss
approach is to introduce DOs to estimate threged uncertainties, which could reduce the switching gain
thereby enhancing adaptability while mitigating chattering effects [24,25]. Furthermore, using ML methoc
to establish DOs suggests a hybrid approach. This method combines the precision and good dyn
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performance of modddased approaches with the benefits of mda methods in approximating
uncertainties

Although conventional hybrid methods have shown promising results in control performance an
eliminating chattering, these methods rely opezk experience or large prior experimental data [26]. Hybrid
methods integrating an Mhased DO into a controller with an SMC structure show effective performance;
however, several issues remain. First, the estimation error of the lehasad DO is ofin assumed to be
bounded [26]. For ANMNbased DOs, this assumption can be guaranteed according to the Weierstra
approximation theorem [27]. ANI®Os have been successfully applied in marine control, such as adaptive
SMC for USVs under wave disturbances][25ut they require substantial training data and offer limited
interpretability due to their blaekox nature. In contrast, probabilistic methods like the invariant extended
Kalman filter [28] and Gaussian process regression (GPR) [29] provide poststidoutions (often zero
mean Gaussian) that do not always satisfy bounded error assumptions, invalidating traditional stability crite
reliant on deterministic bounds.

To address these, GPR has emerged as a powerful tool in control literature foeramatric
disturbance estimation, particularly in stochastic and slediace environments. GHiased DOs enable online
approximation of nonlinear disturbances without assuming prior distributions, leveraging kernel functions
model correlations in residisa[30]. Recent work$iave demonstrate GPRDOSs in rejecting unmodeled
dynamics for inverted pendulums and urban air mobility systems, where GPR compensates for mu
dimensional disturbances using small datasets (e.g., <500 samples), outperformingsaNiglamefficiency
by 2-3 times In marine applications, GPR has been integrated with model predictive control for trajector
tracking under uncertain currents and fixxede control for USVs, quantifying uncertainty via confidence
intervals to enhance robtness. Compared to ANNOs, GPRDOSs provide not only point estimates but also
variance predictions, facilitating probabilistic stability analysis in disdigte systems. Accordingly, the
controller design and stability analysis given the posterior astim of uncertainties are worthy of further
investigations. Moreover, ML methods are developed based on disaretdynamic models, but proofs of
closedloop stability for existing hybrid methods are often in continuous form [25,31]. Considering the
advantages of easy implementation and srsathple estimation of probabilistic DOs, it is necessary to
investigate the design of a hybrid controller and criteria for cksmal stability for a discrete SMC system
with posterior estimation following a givemgbability distribution [32,33].

Trajectory tracking control for USVs in uncertain environments such aieed ocean areas shows
both theoretical and practical challenges. Theoretically, the spectrum of stochastic resistance caused by
floes is notfully established, making it impossible to regulate control parameters as specifically as whe
addressing wind wave disturbances. Although feasible controllers may be establisheanusiigrarily
upper bound on the lumped uncertainties, it may legatdblems such as excessive gain or chattering. In
practice, it is a significant challenge to obtain#walld data on the stochastic disturbance caused by ice floes,
both from numerical simulations and from r@adrld environments, tharesufficientlylarge and accurate to
train effective controllers. Consequently, novel control strategies need to be developed.

Considering the disturbance caused by ice floes in polar regions, the trajectory tracking control proble
for uncertain unmanned surface ves§eISVs) is investigated in this paper. A discrete integral slidiogle
control (DISMC) with a fully datadriven DO, based on Gaussian process regression (GPR) technique, i
proposed, which could steer uncertain USVs to track predefined trajectories distdepance without
knowing its upper bound. Theoretically, the control parameters can be adajptipddynentecbased on the
observed lumped uncertainties. In practice, dfaRed observer does not require large;weald datasets,
while the stability of the closeldop system can be ensurd®ly implementing the proposed method, an
uncertain US\tantrace given trgectories in icecovered ocean areas, whicho the best of our knowledgde
has not been explicitly addressed in existing stutliemerical simulations illustrate the superior performance
of the proposed controller in comparison to the existing methodsna&imecontributions of this paper can be
summarized as follows:

1. A novel hybrid method that consists of a DISMC and a @GB&ed DO is proposed for solving the
trajectory tracking control problem for USVs under disturbance caused by ice floes.
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2. Compared to th existing disturbance obsery@p,25,26,34], a novel disturbance observer based on GPR
technique is proposed that the mean function and autocorrelation function of the lumped uncertainties ¢
be estimated in a fully datd&riven manner without requiringrior knowledge.

3. Compared to the conventional ISM25,26,35], a novel DISMC given the autocorrelation function of
uncertainties instead of the uncertain upper bound is proposed and proved to be stable with a probab
of 1.

This paper is organized adltws. Sectior? introduces the necessary preliminaries including the discrete
3 degrees of freedom dynamic equations of surface vessels, assumptions considered in this paper, and prc
descriptions. Foadiscrete stochastic system with bounded uncertainties, a trajectory tracking control base
on discrete integral sliding mode control is proposed and the elospdystem is proved to be stable in
Section3. A disturbance observer based on Gaussian gsoeEgression is proposed in Sectrwhich
improves the control quality under stochastic uncertainties. A discrete integral sliding mode contr
considering Gaussian white noise and the proof of stability are also given in Sediloenominal control
that stabilizes the dynamic system without uncertainties basékedrackstepping technique is given in
Section5. Numerical simulations are conducted and discussed in Séctwimch demonstrate the superior
performance in comparison with traditionajectory tracking methadfor surface vessels. Sectioh
concludes this paper.

Notation. Throughoutthis paper,R™™ denotes then® m dimensional Euclidean spach,, denotes

the set ofall natural numbersv|and |v| denotesthe Enorm, i.e., the sum of the absolute values of the
elements, andhe 2norm of vectorv, respectively.Pr(X) and E[X] denote the probability and the
mathematicalexpectations of a stochastic variabte, respectively.l i R™" represents a3 n identity
matrix. For a vectorY=[y ¥ » y|, son(Y)=[sign§ ) signg ) » signg R" - R"
represents the vector sign function, wheign(y):R- R is given by

elLy>0
sign(y) =i 0,y 9 (1)
b-1y <

The superscripil is used to denote the transpo$ea vectoror matrix.

2. Preliminaries and problem formulation

2.1 Discrete 3 degrees of freedom dynamics of a surface vessel

The 3 degrees of freedom-[BOF, surge, sway, and yaw) dynamic model of a USV considered in this
paper is given as follows. As shownhkigurel, the surge, sway, and yaw motion are representex], as

andy , and surge, sway, and yaw velocities i@gresented ag, , v, andy, , respectively

Reference trajectory

X, A
, X, ‘ /
vf' &
o
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! %
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'_‘\."'}“\/ /// =
v 2
-
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Fig. 1 Definition of reference coordinate frames of the vessel dynamics
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Leth=[x y )] iR*andv=gy, v, vy Tg iR®, the 3DOF dynamic equations of the surface

vessehlregiven by[36]:
eh=J3(Nv

) 2
(MV+C(YV +D(YV &) &= E{ W) R+ @
where the rotation matri¥ (/) is defined as
oy - siny O
J(h)=gsin y cosy O 3

g0 0o 1

MIi R*?is a symmetricpositivedefinite inertia matrix.C(v)i R¥* represents the centripetal and
Coriolis torques matrixD(v)i R¥? is the damping matrixG(v)i R® represents the gravitational matrix.

F(A,v,t)I R® denotes the lumped modehcertainties, includingnodeling uncertaintiesind forces and
torques generated lyinds, wave,andcurrent,given by

F(hv,t)= & - b (4)

wheret .. are forces and torques generated by wivale, current, and., represents model uncertainties
in C(v) and D(v), the details are as follows:

C(v)=(1 ) G(Y)

D(v)=(1 6,) Dy () ©

where C,(v) and D,(v) correspond to the nominal parts of the dynamic maued,a. and g, account for
the unmodeled or uncertain componeRis(s,v,t)i R® represents the additional resistamserted by ice
floes on the USV.

Let x=[x %] ' A TE andu=t R¢ ,¢ TE,Wehave

=MV K(AM LK )M GYv BYyv G) AF .-vi E( - VN
=G t GGV DYV G-) hEC,vA) T )VE()NRA yPh (6)
=gMu F(Av) B( M)
where

Gy =3(HM,
Fhv)=6(A CVVv DYV Gy EL. &) I (7)
Dh,v,t)=G(AH(F( A.1)).

The 3DOF dynamic model can be described as an affine nonlinear system given by

&% =%,

Ly =gu () BAYY ®)
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Assume a sampling interval oFi [0,7] ER, , where 7 denotingthe upper bound on time,

ki [O,%] EN,, andx(k) =[ (K, %(K] , anddenoting

G(k) =G(h(K))
F (k) = F(h(k), (K) 9
D(k) =D(h(K), (K, K

the discrete DOF dynamics of the surface vessel is given by

ex(k+1) =Tx(K %(R
Do (k+1) T(F(N) HRUB DER) Xk

Note thatG(K) is invertible andD(k) is a stochastic process representing the lurapedrtaintiesThe
nominal system is given by
§é><1(k+1) Tx (K %(K
i %(k+1) =T(F(K FHRUR) 3§

(10

(1D)

System(10) is a stochastic nonlinear system. The reason for that a ditionetalynamic model is
considered is given as follow$.the continuougime model is utilized, the system with lumpeakcertainty
becomes a stochastic differential system. In this case, the calculus of lumped uncertainty process mus
considered and the synthesis method for deterministic systems cannot be applied. In contrast, using
description in Problerg, system(11) becomes a Markov process and the sequence of §igtebecomes a
Markov chain.Thus,the discrete stochastic systems theory is capable of system synthesis.

2.2 Problem formulation

In this paper, following assumptions according to systEBiwould be applied.
Assumption 1. The reference position trajectofy,(K} of system(10) is Lipschitzcontinuous i.e., its
sufficiently high order derivatives are known dmlinded.
Assumption 2([13]). All states in systerfi0) are available for feedback and bounded.
Assumption 3. The lumped uncertaint{(k) in systen{10)is a zeremean stationary stochastic process with
an autocorrelation function oR(k;, k).
Remark 1. Based on Assumptidrand Assumptia?) reference trajectories would be smooth enough to satisfy

the maneuverabilityof USVs in practice and the states feedback control is feasible (neglecting the
measurement errors). Assumptidis a commonly used assumption when addressing the stochastic system

Traditional trajectory tracking control problem generally assume teauthped uncertaintP(k) is
bounded, i.e., for everly , there exists a constagt such that

_D(K). ¢ g(K) (12

Under this assumption, the traditional trajectivagking control problem is given as follows.

Problem 1 Considering systeid0)with Assumptiod, Assumptior2, andEq(12),design a control sequence
{uR} making the tracking error(t) = x(K -%(R, where x,(k) satisfies Assumptiod denotes the

reference trajectory, convergesQ@o

However, when solving the trajectory tracking problem involving disturbance caused by ice floes, th
upper bound of the lumped uncertaiognnotbe appropriately defined\n arbitrary g may increase control
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gain and amplify chattering. Besides, if ddtéaven approaches are employed to estimate the uncertainties,
only ANN-based DOscan provideestimations with guaranteedrer bounds. The challenge lies in the
substantial amount of prior data required to train such network estirhatata is often difficult to obtain in
realworld applications (for instance, the mechanical properties of sea ice floes in a specific flegyi@hgx

the assumption of bounded uncertainties and enable USVs to achieve trajectory control without pri
knowledge about disturbancAssumption3 is introduced.This assumption is also capable of methods
estimating the autocorrelation function ofstochastic process, particularly when leveraging a Bayesian
framework. Thereforethe problem to be solved in this paper is given as follows.

Problem 2 Considering systerfl0) with Assumptio 1, Assumptia 2, andAssumptior8, design a control
sequencdU K} making the tracking errorg(t) converges t®.

Problem1l is solved usinghe DISMC method in Sectio, which is also the foundation for solving
Problem2.

3. Design of DISMC for trajectory tracking control for surface vessels under bounded stochastic
uncertainties

The change of tracking errors over time is defined as

De(k) =€k B &§k
=x(k 1) x(k) (g(k 1) +x(K) (13
=Tx(K - (K

The filter error is defined as
Q=T R Ak Kk - XK /@) (14

where/ is a constanDifferentiating Eq.(14) with respect tok and applying Eq(10), there is
Ds(k) ={k B <&

_ 1
=x(k ) %0 H{ g 1) +5RD/ (k) € (15)
=709 GIOUR PR T 5@ D + ¥(HD/ e)

Let u(k) = u(k +y( R, whereu,(k) represents the nominal contwhich is utilized to control the
nominal dynamics, i.e., the system without uncertainties, given by

W=F(0 §09w(R T( 56k D +x(B) / e (16)
and u (k) is the robust term. The sliding surface is defined as
SW=sK -0 A[FO) G40 M T(-x( D) X)) - /ey (17

Thus,the differentiation of the sliding mode surface with respeét tan be calculated as
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Ds(k) =gk B )
= B F(K GERy(B %(— (R KK/ ey (18
=G(ku (k) D(K

The design of the nominal controf(k) are addressed in SectidnThe followingtheorem gives
solution tou (k) that stabilizes systei5).

Theorem 1. Consider discret¢ime systen(l8) with Assumptiori, 2 and 3.For

il 29 e A

ﬂ
EIS A s (19

i
2 et %

and" a [[a,a], where

¢ WIS A bf [sEf n

i " (20
|
f

_@-b)|s (k)| @ bf [sk)] n%

n

with n denoting the dimension of the system, if

u (k) =G (K( -asgis( B £ K (21)

thens (k) =0 is globally a.s. exponentially stable, i.e., fos (0) | R® Prg(l_ir?,_ sk 0 81.
Proof . Substituting Eq(21) with Eq.(18), we have
s(k+l) =asg{AK) I+ D-6R D(#% (22)
Define a Lyapunov function candidate given by
Vi(k)=s (K" <R (23)
such that
Egvi(Xk 3)| XK o
=Egm(K) D(K) (m(B P(H) g
=Egm(k' m(R geE DgR" m( k BEgD( }gD( k (24)
=m(K' m(R +RO)
=a’n €1 B)’s(K’ (K 24l Bi ¢K| RO}
wherem(k)= -asgies( k) @ BbA ksuch that
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Egu((k B)| XK gCXB)

ca’n §1 B 1g(K SK 2al b|-£K| ° (23)
If the following inequality holds:

80< (1 by 1 1<

}azn- 2a(l -b)|s (k)| & O© (26)

then

EQ(x(k 1) XK gNEXB) a kR (27)
Moreover, makingc, = ¢, 4, we have

o XRI" e (X R) e % K’ (28)

Eq.(27)and Eq.(28)imply that the Expectation of the derivative of the Lyapunov funcddm(K)) is

not larger than a radial unboundedsitive definite function thdtas an infinitesimal upper bound. According
to [37], we have

Pr%l!n}. skh=0 8:1 (29)

Eq. (29) implies that the probability of that the system trajectory converges to the equilibrium point
s(k)=0is 1.

We now solvea andb . The first inequality of E(26) suggests that

bi (1 -ﬁ,o) @2,1 \@ (30)
To ensure that the second inequality in ) holds,b must also satisfy
41- by |s k)f g % (31)
implying that
1 4_ g_ ¢ «/_ 32
=1 4 % raor (3

Based on Eq30) and Eq(32), we proof Eq(19). Moreover, if Eq(32) holds, the quadratic inequality
with respect toa must have solutions ifR , i.e., a ¢ a ¢a,, wherea, and a, are given by Eq(20).

Thereforethe stability of the sliding surface is guaranteed.
4. Design of DISMC for tracking control with Gaussian process regression of surface vessels

In this section, an observer based on GPR techniquevsloped that can estimate the lumping
uncertaintiesD(k) . By employing the proposed observer, a novel DISMC is proposed.
4.1 Disturbance observer based on Gaussian process regression

The following gives the design of GHiased observeGPR provides a method for predicting the output
of a stochastic process in function space using supervised learning approaches, which has signific
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advantages in nonlinear regression and-$bwt learning.To inferenceD(k) using{X K} , a Gaussian
process regressor is designed.

The training data set is defined{aﬁ(k),]l))(k)} where

EX(K) ={ 0), x2), », x(k}

1D(k) ={D(0),D(1), » D k} (33)
Considering Assumptio®, D(k) can be calculated as
Dy = e k+D % (k F K o0

T

at time k+1 with x,(k+1|k) denoting the predicted state lat-1 employing the nominal systerfil).
Assuming thatD(k - 1), D(k), andthe joint distribution ofD(k- 1) and D(k) are Gaussian distributions
given by

D(k- 1)~ N (&40 Sas)

DK)~ N (e, S

(35)
ak-1) g
€ u
wheree =[e,, ¢,]' andthe covariance matrig is defined as
g = éEk-l,k 2 B 9
eBi B 0
(36)

_SK(X(k- 1), X(k 1) K(X(k %), X(K)
€ K(x(K), X(k- 1)) K( XK, XR)

where K(Q) is the covariance matrix function that defines the covariance of datgxsRis, which can be
calculated usingnedefined kernel functiork(Q) as

& (X(0),x(0) k(x0),x(1) - K x0),XK
« k(0 XO)  KOW) - KW,

e

7

37)
(XK, X0) K XR KD) -~ K XK kY

Using the GPR method, the disturbarieék) can be estimated using the state trajecidly- 1) as
shown in Lemma4.

Lemmal. If D(k- 1), D(k), andthe joint distribution of them are Gaussian distributions defined ag35J;.
the conditional distribution oD (k) givenD(k - 1) is also Gaussian, i.e.:

PregdK)D (k- 1) g (mik), Gk)) (38)

where

10
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énk) = K(x(K), X(k 1)) K(X(k 3, X(k 1'D(k 1
iG(k) =K (XK, (R) KX Xk 1HK (39)
HC=K(X(k 1), X(k HYTK(X(k 1) X(K)

Proof. The precision matrix of the joint distribution can be calculated as

_uik1 Sk D

40
gsk,k-l S Kk H (40)

The quadratic form in the exponent of the Gaussian distribution given g3 gan be calculateds

: %(D(k) £) BN &)

= _;(D(k) &) . (DK &7)

1
2
- %(D(k ‘1) 8k_:|_)T S k —l,k(D(k) & R)

(D) €,) s (D B e;,) (41)

) %(D(k 1) 8|<-1)T§ k,k(]D)(k 1 e "Tl)

As a function ofD(k), Eq. (41) is again a quadratic form, and hence the corresponding conditional
distribution PrgD (K) D(k- 1) is still Gaussian. Denoting the means and covarianc@efconditional
distribution asmk) and G(k) , respectively, we have

PréDk)D (k- 1) gN (mik), Gk) (42)

We now derive the expressions fotk) and Gk) . Consider thequadratic form in Eq(41) as a
function of D(k), coefficients entering the second order ternDifk) of Eq.(41) can be calculated as

200 ) 8,00 -P (43)
Therfore, the covariance of the conditional distribution is given by

Gk) =i (44)
Now considerll the terms in Eq(41) that are linear ifD(k) given by

D) {si8- sk D) -g) (45)

Thus,we have
/T(k):$;<,lk{$ K€k S Kkl(D(k B S_k-l)}
=&y -ls;(,lks k,k—l(]D(k B E:T<-1)

According to the matrix inversion lemma, we have

(46)

11
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Sk =8 dn 8 a(S k) S i
=K(X(K), X(K)™* -K(X(R, X BK

(47)

where
K=K(X(k 1), X(k By K(X(k 1), XK) (48)

is the Schur complement ¢ . This ends the proof.
Based on Lemma, the maximum a posteriori estimation @¥(k) is k) . According to the law of

large numberghe estimation errors decrease proportionally with an increase in the number of sample poin
implying that

(49)

Besides, the covariance functi&gx, Xi) applied in this paper is the radial basis function (RBF) kernel
given by
X =X
k(x, X) =52 expe% (50)
e

wheres? is the variance of the output ahds the length scale parameter.

Eq. (42) also suggests that the estimation error is a-ze¥ans white Gaussian noise (ZWGN) with a
covariance3Kk) . Finally, the observer can be expressed as

D(Kk) = mk) WK, W B~N (0, @) (51)

For realtime USV control, the GPfRased disturbance observer adopts a shdimglow scheme to
prevent unbounded dataset growth. At each controllstéipe most recent 100 samples are reta{rid¢d 100)
andolder samples are discardddhe model is rdrained every 20 control stepat step 10 for initialization
because the floatinge disturbance varies slowly relative to the controller sampling interval=sfOms.
Overall, the online implementation integrates a slidingdow data management scheme and scheduled
model updates to maintain stable performance under stochastic disturbances while keeping the compute
tractable, which is sumanized in Algorithm 1.

12
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Algorithm 1 Online GPRBased Disturbance Observer (GBR)
Parameter Initialization: Sliding window sizeN,,=100; retraining
interval N = 20; controller sampling period =100ms.

update
GP Model Initialization:
1: Initialize empty dataseD = AandGP hyperparameters.
2: Train the initial GP model (meang(®, covarianceG, ( X) using
a few nominabamples or prior knowledge.
Online Update (executed at each control steg):
1: Collect the current system state =[x y),u v 1] and

compute theesidual disturbance samp(g,, @) from model
measurement differences.

2: Append the new sample,, g) to the dataseD.
3:1f |D|> N, then
delete the oldest sample to maintain a fisegk window.

end if
4:1f mod (k, N, ,4...) =0 or k ¢10 then

Retrain the GP model using the sample®in
Update the mean and covariance functiepé) and G, ( X
by maximizing the margindikelihood.
end if
5: Predict the disturbance for the next step:

(Ekﬂ:/n(xki)’ A = BXp X 1)

6: Output &, to the DISMC controller for reaime disturbance
compensation.
7: Proceed to the next contstepk « k+1

This windowed and periodigpdate strategy limits the cubic training cost of conventional GPR from
O(N?) to a fixed and manageable level.

Remark 2. The observer E(p1)is a fully datadriven methodhat could estimate the lumped uncertainties

in a probabilistic manner, which does not require any prior knowledge of the system model. This makes
particularly suitable for USV control problems where the ice resistance is unknown a priori.

4.2 Design of DIS/C for trajectory tracking under white Gaussian noise

The dynamic equations of surface vessels with disturbance observer based on GPR can be described

ex(k+1) =Tx (K %(K

Do) TER GOUR mED VR X 52)

Using the methodology proposed in Sect®&nwe derive the DISMGnethod for systent52). Let
e(k) = %x(R -x%( R denote the tracking error ang (k) =/,(K) =E>( R YR A I}]T denote the reference
trajectory. The differentiation of the tracking error can be calculated as

13
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De(k) =€k B ¢k
=x(k 4) x(K) Og(k 1) +x(K) (53)
=Tx(K - *(K
The filtererror is still represented by
Q=T R AR XKk - XK /EH (54

Differentiating Eq.(54), there is
Ds(k) =k B <k
=x(k ) %(9 T x@& D +¥(RD/(€keD) €N

(55
=F(k) UK AR Wk %(— X(R1) +x( ¥ D/ €}
The corresponding nominal system is given by
W=F(k) §Ku(K mK %( x(RD) %(B / ek (56)

The controller is still given as(k) = u (K +Hy( R whereu,(k) represents the nominabntrol and
u,(k) represents the robust term. Thielieg surface is defined as

S0=%B -40) A[FO) G40 A = (% D) 1)) - /ey (57)
The differentiation of thelgling surface can be calculated as
Ds(k) =gk B &)
= B F(9 SRR T K(BY KR/ € (58)
=g(k)u, (k) (K

The design of the nominal control is addressed in Seétidvie now give Theorem 2 thablve the
robust term.

Theorem 2 Consider discretéime systenf18) with Assumptior,2.For any givena,bi R satisfying
al [a,a)]

) K : 1 (59)
bi {(1-&,0) 2.1 \@} fzg ;16{%82’ %lé%k% |

where

al:(1- b)[s k)| /@ BY [sK)] n- (KE

n

a2:(1- b)|s (k)| %@ b |sk)] n- (k¥

n

(60)

14
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with n denoting the dimension of the system, there exists a control sequence
u,(K) =G (K -asgn6 (k)) bs(k) (61)
such thathe closedoop system of syste®5) globally a.s. exponentially stable, i.é’.r[lli_rrg I|s(k)||=0] 4
Proof. The closedoop system can be derived by substituting &d) with Eq.(58) as
s(k+1) =asgn(sk)) (& b)-gk) W(K (62)
Denotingm,(K) = -asgni (k)) 1 b)s(k}, the Lyapunov function candidate is defined as
V(K =s(K €K (63)
ConsideringE[W(K)] =0, we have

EgL(Xk 3)| XK @@

=Egm(k MWR) (m(k WR g

=Egn(k' m(R g2E VER m( k nfEF WE Wk g

=m(KW m(R +@ En@+¥s(K (k2@ p ¢X ()
Thus,the differentiation of the Lyapunov function can be calculated as

B,k B)] XK @4 X B)

=a’n €1 B)’s(K’ (K 241 Bt ¢R] &K (B (K (65)

=a’n Q1 B)? 1-g(k)' s(k 2a1 b|-£K| (K+ G

(64)

If a andb satisfy

éa’n- 2a(l -b)|s (k)| K O

0<@ by 1 1< (66)

then
EQ,(x(k D) MK gMEXB) a k) (67)
Moreover, letc, =c, 4, we have

o XK ¢ (X R) ¢ X i (68)

Eq.(67)and Eq(68)imply that the Expectation of the derivative of the Lyapunov funcdgm(K)) is

not larger than a radial unbounded, positive definite functidrhtisan infinitesimal upper bound. According
to [33], we have

eli = B
PréKI!r’LL skyL=0 0 1 (69)
Eq. (69) implies that theprobability that the system trajectory converges to the equuhip point
s(k)=0is 1.
Eqg. (66) suggests that

15
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€0< (1 by 1 1<

70
L4 bF s () F -4 @) € (70)
Thus,we hae:
; £e JnGk) 2 e/nek i
bi {(1-v2,00 ¢2,1 2} & ;18 =2 ¢ Je‘(é:L
{( ) ‘(; %} %éﬁ |s K)| H &I sk)| l (71)
Meanwhile,a must satisfy
&
Ta ¢a Ca
|
ial:(l_ b)|s (k)| \/(1n|9)2 |s&)f n- k§ 72)
|
L _@p)is®l 4 by [s@f n-
iaz_ n

Eq.(71)and(72) guarantees that E¢66) holds and further guarantees the stability of syg&2ih
Under the control law E@61), the system trajectory will converge to the sliding surface with probability

1, even in the presence of uncertainties. In the next section, we will implement the backstepping control
design the nominal controller, (k) to ensure that the system trajectory converges to the desired trajectory.
5. Design of the nonmal controller implementing backstepping control

The nominal system considered in the section is given by

ex(k+1) =Tx (K %(K

[ (k+D) TF(R HROY(R mEh) Xk (73)

Firstly, denotingz (k) = x(K -x( K, we have
z(k+1) =Tx(R - 0B Ak (74)
If Tx (K- Dy(R =kzZ kandO<k, <2,thenEq.(74)is stable. The virtual contrekrors is defined

as
a(z(K)= -kz(B +x0k (75)
Secondly, denoting,(K) = Tx( R -a,( Z &, we have
z(k+1) -z(K
=T(F(K) GRNu(R AR (-K-A kD &R X <P Kk (76)

=T(F() G(Hu(k ~B) kA k ( -(RL) +xX B D

T(FR+G(KH(R #(R) ¢ Pk + X W kALK Kk 2 (77)

then z,(k+1) €1 k)z(K & Z k. Therefore,the closedoop equation for syster[]zl zz]T can be
calculated as
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ez(k+1) gel- k)i, 0 2z€HK
&,(k+1) 08 -k, (L k)1, nz€K
The characteristic equation of system (78) is given by
[/-@4)][ 7@ k) o (79)

Thus,the eigenvalues of syste(n8) are/, =1 -k, and/, =1 -k,. Noting thatO<k ,k, <2, we have
-1 <., / % implying that the closetbop systen(78)is globally and exponentially stable.

(78)

Finally, the nominal control is given by

Fu(0=0 00l k2 X € RKDr KB K FOR

(80)
FZ(K=Tx(R k(B x(K) Dx(R
The block diagram of the overall control scheme in this paper can be seen in Figure 2.
\controler | |Disturbance
\i/(ﬂ >R u, (k) :
1 L Fnet) ‘ Fice(,0,1)
Virtual velocity Backstepping u(k) 17(]6) >

control command Controller

Reference Ma (k)
Trajectory + A e (k)

GPRbased
Disturbance
Observer

{1

Fig. 2 The blok diagram of the contracheme

6. Simulations

6.1 Simulation environment

We now give the stochastic disturbance model implemented in the simulation, including disturbanc
generated by ice floes, winds, waves, and currents.

According to[38,39], the resistance caused by ice floes onUB# is related to the ice thickness,
the density of icer,, Froude numbeF,p and the velocity of the USV , as given by

T

Fee(,v,t)=g0.5C, rBHV* "h€os y 0.5, BHV' " 4 0
C,=kF" (81)
F =V/{gHh
where C, denotes the ice resistance coefficient depending on the modified Froude rE;[ntBrdenotes
the beam width of the vessdl, and k, are empirical coefficients associated with the Froude nuraberg
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represents the gravitational acceleration. The modified Froude nuﬁppbdescribes the dimensionless
velocity of the vessel in an icy environment.
To simulate the stochastic ice disturbance, daétland r, are set as colored noise given by

H=H, W,(K,r; 7, WK (82)

where both W, (k) andW, (K) are colored noise processes generated byplass filters applied to white
Gaussian noises.

To further validate the statistical characteristics of the generated brash ice thickness signal, we visua
its behaviototh in the time domain and the probability domain. Fi@skows the timevarying disturbance
in brash ice thickness produced by the colored noise model, illustrating theaslgng, inertial nature of
environmental fluctuations. Figudepresents thprobability distribution of the generated brash ice thickness,
along with a fitted Gaussian curve. The histogram demonstrates that the colored noise output approxima
follows a Gaussian distribution, which aligns with the assumption ofreean statinary stochastic processes
stated inAssumption 3 This confirms the rationality of using the proposed seendér lowpass filter to
simulate realistic ice thickness variations.

Brash Ice Thlckness Disturbance Induced by CoIored NO|se over Time P Probability Distribution of Brash Ice Thickness Disturbance

Il
fl

T -
‘ | A [ Simulated Histogram
Fitted Gaussian PDF | |
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™
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o

= T

ic—:o.?» | | l | ‘ g 3t

§°'6 i “ () ' |‘1 ‘ ‘ | ‘ ‘) U\I‘ U‘ ‘ \« 22,5

%o-s—H’“))'J,)ﬁ~ ‘ ‘H‘ f H‘ ‘L} 1 5 .

T%""‘H )“H‘ H w ” ‘M"‘ | | i | H‘ 51 n

0 1 M WU ;
oﬂ “ )‘\ .‘ H ‘ ‘ (‘ W ". | L‘ |‘ a 1)
] Y |
1 A L 1  THAATAT [T
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Time t (s) Brash Ice Thickness H (m)
Fig. 3 Time-varyingbrash iceghicknesdisturbance modelec Fig. 4 Time-varyingbrash iceghicknesdisturbance
by colorednoise modeledby colorednoise

The wave spectrum model implemented in the simulation is the Piklsskowitz spectrunfi2] given
by:

S(w) = aM?s ex (83)

wherew=2 pf with f representing the wave frequency in Hemg,= g/U,, with U, . representing the

wind speed at a height @B.5m above the sea surfgca and b are empirical coefficients. The disturbance

of wind and currents are all time invariant signal. Coefficients implemented in the simulation are listed |
Tablel.

To characterize the wanaduced stochastic disturbances under ckffé wind conditions, the classical
PiersonMoskowitz spectrum is adopted, as described i(&). Figure5illustrates the variation of the wave
energy spectral density under different wind speeds. The spectrum demonstrates a peak shifting behavic
wind speed increases, with higher wind speeds producing higher energy levels at lower frequencies. B

representations, in units off G and "’/ Hz , are shown for comparison and completeness.
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Table 1. Coefficientsusedin the simulationenvironment

Parameter Value
H, 0.1m
» o
Iio 900kg Om
k. 0.6
k. 0.9
a 8.1% 10°
b 0.74
1Pziv._arson-Moskowitz Spectrum for Different Wind Speeds . Pierson-Moskowitz Spectrum (Adjusted Units)
U=5m/s
U=7m/s
U=9mis
U=11m/s
U=13m/s
U=15m/s
U=17m/s
[(——U=19ms

S(w) (m2-s)

0.4 0.6 0.8 1 0.4 0.6 0.8 1
Frequency (Hz) Frequency (Hz)

Fig. 5 PiersonMoskowitz spectrunundervaryingwind speedsn unitsof m* (s and n? / Hz

6.2 Simulation results

Numerical simulations are conducted by implementing the 4th order Rlrgemethod in the following
environment. Parameters of the dynamic model of the USV implemented irmihiatens are given as
follows:

en, 0 0 g
M=go m, my g
g0 m, my g
e 0 V)
Cv=¢g 0 0 (V)
ECu(v) TV 0 (69
é,dll(v) 0 0 o
DV=g 0 dp(¥) du(¥ y
é 0 d32(v) d33(v) EI
Gm=[0 o 0
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where m, =25.8, m,, =24.661z, m,, =1.094€, m,, =1.094€, m,; =2.76, C,(v) = 24.661% 1.0948,

Cs(V)=25.8u , and d;,(v)=0.7225 +1.327{4,{ +5.8664 , d,(v)=0.8612 +36.282|34 +8Q£ﬁ :

dy,(v)= - 0.1079+ 0.84{5/| +3.4|5|, d,,(v) = 0.1025 5.043[7&,1 91|$| d,;(v) =1.9 -0.0$q 0.7§r|.
The forces and torques generated by wind, wave, and current are chosen as:

e
€ 6u’+6sin() +50sin(0.5) -50sin(0t1)
e
4= G487 +4.5sin() BSsin(OIS% ) 50sin(a.3 (85)
¢ A
é -0.24° -30sin(0.9 %) 30sin(@1)
e

We also consider the uncertainty of the model, such that:
teo= &o(V)V +o@(Y) v (86)

whered. =0.3sin( 0.52 - 0.1Pand d, = 0.25cog 0.18 +0.6).

Two different cases are considered in the simulation study.
1. Case:
The reference trajectory can be described as
éx, @€ 4sin(0.02)
_é, ue
Py = &Y g‘é2-5(1 eog 0.09) (87)
& H 8 0.02

The initial stateof the vessel is setm(o):gl.z 1.2% andv(0)=[0 0 (.

2. Case :
The reference trajectory can be described as

&x, @& 4sin(0.02)
hy=gyy S2.5sin( 2 @o2) (89)
&. ug 002
The initial stateof the vessel is set #(0)=[ 1 0 { andv(0)=[0 0 (.

The proposed method is compared with the si&#t continuity approaches, including SMC,
backstepping control, ISMC, backstepping ISKBISMC). In simulations using SMC, a linear sliding surface
and a constant rate reaching law given by

s= Qsgr § (89)
whereQz[lOO 100 10]f. The backstepping control employed in the simulations is designed theing

same methodhentioned in Sectioh with gainsselected a& =10and k, =10. The ISMC employed in the

simulations are develop based on a integrate sliding surfacegardmeters selected [e& 5 5]T anda
constant rateeaching law with parameters thO 100 10]1T . The BISMC employed ithe simulations
are develop based ¢25]. The gains of the nominabntroller of DISMC with GPR method employed in the
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simulations arselected ag =5 andk, =5. a andb of u (k) in Eq.(19)are given as the minimum value
in the solutiorset.

Ship trayectories
T T

T T
Reference trajectory
- - BISMC 4

5 T —

- - - - - DISMC with GPR
7 T -oes
----smc
- ---1sMC
4 / \ .
4 \
s / 1
i
\
\
\
\
\
\
\

y-coordinate

x-coordinate

Fig. 6 Casd: Reference trajectory and real trajectory of the USV under the BS, 8W;, BISMC, and DISMC with GPR
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Fig. 7 Case I: Comparison in tracking error xtaxis, Fig. 8 Case I: Velocity trajectories af -axis (X), Y -axis
y -axis, andy -axis under the BS, SMC, ISMC, BISMC, an  (y), andy -axis (V¥ )under the BS, SMC, ISMC, BISMC,
DISMC with GPR. Tracking errors fdrl &70, 409 with a and DISMC with GPR. Detailed view fdd [0,0.§ that
detailed view fot | [370,40 shows the effect of thpeaking phenomenon at the USV
velocities

The trajectory tracking results for Case | are shown in Figwé&igure 12. Figure6 compares the
reference trajectory with the trajectories generated by the five controllers. EigdeFigure/ show that the
proposed method has the fastest convergence time while the convergence time of SMC method is the slov
Moreover, the overshoot of the sliding mode conti®Emall compared with the backstepping control. This
is because the control comnubprovided by the backstepping contrghisportionako the kinematic tracking
error. Figure8 provides a clear depiction of the initial velocity transients and the resulting peak response
which are critical for evaluating dynamic control performance.

Comparisons of the trajectory tracking errors under the proposed method and tod-thmtet
methods are further shown kigure7 with mean square errors each controller listed in TAb&mulation
results demonstrate that the mean square errthregbproposed methad the smallest among all the tested
method. SMC, BC, ISMC, and BISMC methods shetsongeroscillation compared to the proposed method,
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which is because the proposed method employ a disturbance observer that significantly inceeases
robustness of the closdadop system.

Control in axis x [N]

200 2000
100 0
= F
-2000
-100
200 : . -4000 T i i L
0 200 300 400 0 02 04 06 08 1 1.2
Time [s] Time [s]
Control in axis y [N]
200 1000
BISMC
100 DISMC with GPR
500 8BS
= 0 = sMC
& S ISMC
-100 4
-200
-500
0 200 300 400 0 02 04 06 08 1 12
Time [s] Time [s]
Control in orientation angle [N]
100 100
50 4
= o = 100
&
-50 -200
-100 -300
0 200 300 400 0 02 0.4 06 08 1
Time 5] Time 5]

Fig. 9 Case I: Control efforts provided by BS, SMC, ISMC, BISMC, and DISMC with GPR. Control inputé {6 40q in the
left column. The right column shows a detailed viewlfbr[O,l.Z] that demonstrates the peakiplgenomenon at initial instants

Table 2. Comparison of mean square errors (MSEs) under the BS, SMC, ISMC, BISMC, and DIIEMEPR

Controller MES of x- y space MES of yy space
Backstepping 0.0015 0.0124
SMC 0.0010 0.0011
ISMC 0.0013 0.0005
BISMC 0.0009 0.0003
DISMC with GPR 0.0008 0.0003

Control commands shown in Fig@eerify that the proposetiethod provides less chattering compared

to the ISMC and SMCConsequently, numerical simulation results demonstrate that the prapesead
converges faster while provided smaller tracking error thast#ieof-art approaches.

Disturbance and GPR Prediction for x-axis
T T T T

T T

174 176 178 18 182 184 186 188 19 192 194
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Fig. 10 Case I: Displays the lumped disturbances in all th

degees of freedom under the BS, SMC, ISMC, BISMC, ¢

DISMC with GPR
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Fig. 11 Case I: Demonstrates the Gaussian Process
Regression (GPR)ased modeling of lumped disturbance

under the DISMC with GPR controller
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Ice Disturbance Force in x and y-direction
T

L. 102 104 106 108 110 112 114
T —— - _— . : ot —|

~
-

Fig. 12 Case I: lllustrates the forces acting on the USV in the presence of floating ice fragmentx iarttley directions, as
well as the ice thickness distribution aitsl probability density function

Fig. 13 Case 1 Comparison of lumped disturbance predictions using-GRRand ANN-DO under ice floe sea states

Figure10illustrates the variations of the lumped disturbances acting on the systemxn yhand
y directions. These disturbances include model uncertainties and external environmental forces.

Figure 11 focuses on the proposed DISMC with Gaussian Process Regression (GPR), showing hc
GPR models the lumped disturbanceshia imnethod, GPR is employed to estimate the unknown disturbances
online and incorporate them into the control law for compensation, thereby enhancing control performans
The figure shows the fitting and prediction results of the GPR model, which closeth rthe actual
disturbances. The accuracy of the GP&ed estimation confirms the effectiveness of the proposed control
strategy in handling uncertain and tivarying disturbances.

Figure 12 depicts the forces acting on the system in xhand y directions under a floating ice

environment, as well as the ice thickness distribution and its probability density. It is clearly observed that t
forces in both directions increase significantly with the thickness of the ice, highlighting the impact o
environmental variability on the USV's dynamics.

To validate the efficacy of the proposed GPB#&sed disturbance observer (GPR) against
conventional ANNbased DOs, Fig.3lillustrates the redime predictions of lumped disturbances (including
stochastigce floe resistance) across the three degrees of freedom (DOF) for the USV. The actual disturbanc
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